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Uncertainty and Sensitivity Analysis of the Basic Reproductive Rate

Tuberculosis as an Example

Melissa A. Sanchez1 and Sally M. Blower2

The basic reproductive rate (R^ is a measure of the severity of an epidemic. On the basis of replicated Latin
hypercube sampling, the authors performed an uncertainty and sensitivity analysis of the basic reproductive
rate of tuberculosis (YB). The uncertainty analysis allowed for the derivation of a frequency distribution for Ro

and the assessment of the relative contribution each of the three components of Ro made when TB epidemics
first arose centuries ago. (The three components of Ro are associated with fast, slow, and relapse TB.) fl0
estimates indicated the existence of fairly severe epidemics when TB epidemics first arose. The Ro for the
susceptible persons who developed TB slowly {R0

slow) contributed the most to the Ro estimates; however,
the relative RQ3 1 0 " contribution decreased as the severity of TB epidemics increased. The sensitivity of the
magnitude of Ro to the uncertainty in estimating values of each of the input parameters was assessed. These
results indicated that five of the nine input parameters, because of their estimation uncertainty, were influential
in determining the magnitude of Ro. This uncertainty and sensitivity methodology provides results that can aid
investigators in understanding the historical epidemiology of TB by quantifying the effect of the transmission
processes involved. Additionally, this method can be applied to the Ro of any other infectious disease to
estimate the probability of an epidemic outbreak. Am J Epidemiol 1997;145:1127-37.
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An epidemiologic parameter, the basic reproductive
rate (RQ), can be derived from a mathematical model
of the transmission dynamics of an infectious disease.
George Macdonald formally introduced the Ro in his
1952 paper analyzing the equilibrium in malaria trans-
mission (1). Ro represents the average number of sec-
ondary cases acquired from a primary case introduced
into a totally susceptible population; hence, the mag-
nitude of Ro indicates the severity of an epidemic
(1-4). If a disease is to persist, each infectious case, on
average, must transmit the infection to at least one
other individual (Ro > 1) (1-5). Without the produc-
tion of at least one secondary case, on average, an
infectious disease will progressively disappear from
the completely susceptible population (Ro < 1) (1-5).
Subsequent to its introduction, RQ has commonly been
referred to as the "expected number of contacts," the
"contact number," or the "basic reproduction number"
(4, p. 272).
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Generally, RQ is estimated by specific input param-
eter values; an example is presented elsewhere (6).
Consequently, a single output value is derived for Ro.
However, when parameter estimation is uncertain, we
suggest that it may be more appropriate to treat each
input parameter as a random variable with a corre-
sponding probability density function (PDF), to sam-
ple from these PDFs, and then to derive a frequency
distribution for Ro. In this paper, we present a method
for evaluating the effects of parameter estimation un-
certainty on the value of Ro, and we present an uncer-
tainty and sensitivity analysis of Ro. Uncertainty anal-
ysis allows for evaluation of the variability in the ^?0

estimate that is due to the uncertainty in estimating the
values of each of the input parameters (7, 8). Sensi-
tivity analysis permits evaluation of the sensitivity of
the Ro estimate to the uncertainty in estimating the
values of each of the input parameters (7, 8). As an
example, we apply this method to the R^ for tubercu-
losis (TB).

TB is a communicable airborne infectious disease
caused by Mycobacterium tuberculosis complex or-
ganisms (9). Currently, 1.7 billion persons, one third
of the world's population, are infected with M. tuber-
culosis and are thus at risk of developing overt TB
(10). In this group, an estimated 8 million new cases of
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TB develop annually, and an estimated 2.9 million
deaths attributed to TB occur each year (10). Among
infectious diseases, TB is the leading cause of death
(11). Globally, TB accounts for approximately 6.7
percent of all deaths in developing countries, 18.5
percent of all deaths among adults between the ages of
15 and 59 years, and 26 percent of avoidable adult
deaths (11). Although the majority of TB mortality has
occurred in developing countries, the sudden cessation
and slight reversal, from 1985 to 1993, of the steadily
declining incidence of TB in the United States gave
rise to the belated recognition of TB as a major public
health problem in the United States (11-15).

Major TB epidemics began in Europe centuries ago;
major TB epidemics arose in North America after the
European epidemics (16). With the emergence of ef-
fective antituberculosis chemotherapy in the middle of
this century, prevention and cure have become far
more certain and feasible (9, 17). In this paper, the Ro

for TB relates to the historical epidemiology of TB
prior to treatment intervention. This RQ for TB was
derived from a deterministic mathematical model of
the intrinsic transmission dynamics of TB (16). This
analysis had three objectives: 1) to evaluate the effect
of input parameter estimation uncertainty on the mag-
nitude of Ro; 2) to estimate the probability of Ro

exceeding a value of 1; and 3) to evaluate which input
parameters (because of their estimation uncertainty)
are the most influential in determining the magnitude

METHODS

Ro for tuberculosis

The Ro for TB (equation 1) has been derived from a
mathematical model that reflects the biology of the
transmission dynamics of TB; the model and a flow
diagram of the model are presented elsewhere (16).
The model includes the following three biologic pro-
cesses that lead to the development of active TB: 1)
direct progression of a recently acquired infection
(primary progression), 2) endogenous reactivation of a
latent infection, or 3) relapse after previously having
active TB and being naturally cured (9). For the case
of primary progression, approximately 5 percent of
persons infected with M. tuberculosis develop TB
within the first year after infection (18). Endogenous
reactivation of a latent infection involves the hearing
of a primary M. tuberculosis infection and subsequent
development of disease years later. The risk of devel-
oping TB from a latent infection that has progressed
many years after the initial infection is approximately
5 percent over a lifetime (9). Hence, the Ro for TB,
which we shall subsequently refer to as the aggregate

Ro, is the sum of the RQ'S for the three routes to TB:
1) the Ro for the susceptible individuals who develop
infectious TB fast and do not relapse (/?0

Fast); 2) the Ro

for the susceptibles who develop infectious TB slowly
slow); and 3) the Ro for the) ;and do not relapse (RQ
s); and 3) the Ro

susceptibles who develop infectious TB after relapse
/ p Relapse-i

_ p Fast p Slow
An + (1)

Each of these three Ro components is the product of
three factors: 1) the average number of susceptible
cases an infectious case infects per unit of time, 2) the
average time during which a TB case is infectious (this
will be dependent on the route by which the person has
developed TB), and 3) the probability that an infected
individual will develop infectious TB through a par-
ticular route: either a) quickly without relapse, b)
slowly without relapse, or c) quickly or slowly with
relapse. The full expression for Ro is given below.
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This derived expression for Ro includes nine biologic
parameters; each of these parameters (described in
table 1) has considerable estimation uncertainty.

Uncertainty analysis for Ro

For the uncertainty analysis, Latin hypercube sam-
pling was used to sample the nine parameters that
appear in the derived expression for ^?0. Latin hyper-
cube sampling was first introduced in a study of reac-
tor safety by McKay et al. in 1979 (19). Formal
notation for this sampling scheme was presented by
Iman and Conover (7). Uncertainty and sensitivity
analysis based on Latin hypercube sampling has been
previously applied to disease transmission models (8,
16, 20). Consequently, we applied techniques that are
described in detail elsewhere (8, 16, 20). A PDF was
assigned to each parameter; each specified PDF de-
scribed the range of possible values and the probability
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TABLE 1. Definitions, distributions, and values for the biologic Input parameter variables In an
analysis of the basic reproductive rate (/?„) of tuberculosis (TB)

Input
parameter

Bfotogic
definition

Units
Parameter values

Minimum Peak Maximum

1/u* Average lite expectancy, wtiere u. Is the
per capita natural mortality rate

p$ Fraction of persons with new infections
who develop TB fast per unit of
time

v* Per capita rate of progression from
infection to TB for a latently infected
individual

ft Probability of developing Infectious TB
given that the individual develops TB
fast

q$ Probability of developing infectious TB
given that the individual develops TB
slowly

w$ Per capita rate of relapse to TB (either
infectious or noninfectious) for an
individual who previously had TB and
was naturally cured

U.J+ Per capita rate of mortality due to TB

c$ Per capita natural cure rate for TB

Average number of susceptible cases an
Infectious case Infects per unit of time

Years 25t 75t

Per year 0.00 0.05 0.30

Per person
per year

0.0026§

0.50 0.70

0.50 0.85

0.0053§

0.85

1.00

Per person 0.0013 0.005 0.015
per year

Per person 0.0575 0.1386H 0.4605
per year

Per person 0.0211 0.0575# 0.0862
per year

Per year 3 7 13

• A uniform probability density function was selected for this parameter for the Latin hypercube sampling.
t The minimum and maximum values for 1/|i were assigned on the basis of the exponential survival distribution

and an average life expectancy of 25-75 years. This range was established in order to satisfy any time period or
setting.

$ An asymmetric triangular probability density function was selected for this parameter for the Latin hypercube
sampling.

§ This range of values corresponds to a range of 5-10% progression in 20 years.
H The peak value corresponds to a 50% death rate In 5 years.
# The peak value corresponds to a 25% cure rate in 5 years.

of occurrence of any specific value (20). The PDFs
were based on the biology of the natural history of TB.
Justification for the selection of these PDFs was pro-
vided in detail in a previously published article (16);
the PDFs are listed in table 1. For seven of the nine
parameters, an asymmetric triangular probability dis-
tribution was selected using the Delphi method (21,
22). Selection of a triangular probability distribution is
recommended when a most likely value (peak) and
range (minimum and maximum) for the parameter are
estimable (22). A uniform distribution was selected for
the other two parameters using the Delphi method (21,
22). Selection of this distribution is recommended
when only a range for the parameter is estimable (22).
Each PDF was stratified into 1,000 equiprobability
areas and was then independently randomly sampled
1,000 times without replacement (i.e., each stratum
was sampled once). The 1,000 sampled values from

each PDF were then randomly permuted to form 1,000
input parameter vectors. These input parameter vec-
tors were then used to calculate 1,000 values of Ro

using equation 2. Replicated Latin hypercube sam-
pling was then implemented by repeating the above
methodology 10 times. The resultant replications were
used to assess the variability in the estimates of the
distribution, mean, median, and variance of Ro and to
assess the variability in the estimates of the probability
of Ro exceeding a value of 1.

Two sampling constraints were enforced to satisfy
the biologic realities of the natural history of infection.
Inclusion of these sampling constraints was deter-
mined using the Delphi method (see table 1). Firstly,
the probability of developing infectious TB was greater
if the infected case developed disease slowly than if
the case developed disease quickly (i.e., q> f). Sec-
ondly, the per capita natural cure rate was greater than
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the total per capita relapse rate for a naturally cured
case, which in turn was greater than the per capita rate
of progression from infection to disease for a latently
infected individual (i.e., c > 2o> > v). Thus, the PDFs
for q, f, c, a), and v (listed in table 1) were each
stratified into 1,000 equiprobability areas and were
then each independently randomly sampled 1,000
times without replacement. The 1,000 sampled values
from each PDF were then randomly permuted along
with the sampled values from the other four PDFs. If,
after random permuting, both constraints were not
satisfied (i.e., if the 1,000 input parameter vectors did
not all fall within the sampling space defined by the
parameters and their corresponding constraints), the
sampled values were randomly permuted again until
the constraints were satisfied. Furthermore, random-
ization of the permutations was maintained while gen-
erating the resultant 1,000 input parameter vectors,
given that within the sampling space defined by the
parameters and their constraints, all of the permuta-
tions were done randomly.

Sensitivity analysis for Ro

A partial rank correlation coefficient (PRCC) was
calculated between the values of each of the nine
parameters (listed in table 1) and the values of Ro

derived from the uncertainty analysis (7, 8). Method-
ology for the calculation of PRCCs was formerly
presented by Kendall and Stuart (23). For our analysis,
PRCCs, computed on the ranks of any one of the nine
parameters and the Ro, identified and measured the
statistical influence, specifically the monotonicity, of
the parameters on Ro. In fact, the PRCC measured the
independent effect of each input parameter variable on
the Ro variable regardless of whether any of the input
parameter variables were correlated (8). Given the
unavailability of historical data, we made the parsimo-
nious assumption of statistical independence of the
input parameters. The 10 replications of the Latin
hypercube sampling generated for the uncertainty
analysis were used in calculating the PRCCs for the
sensitivity analysis. Partial rank scatterplots were also
generated based on Kendall and Stuart's methodology
(23).

RESULTS

Input parameter sample values

After die Latin hypercube sample (N = 1,000) was
drawn, histograms of the input parameter sample val-
ues were made (see figure 1). The actual PDFs from
which the input parameter variables were sampled are
outlined on die histograms (dashed lines at tops of
bars). Figure 1 shows that with this large sample size,

there is exceptional sampling coverage of the actual
PDF.

Uncertainty analysis

Estimates were made for the aggregate Ro and die
three components of Ro: R0

Fast, V l o w , and /?0
Relapse.

The distributions for all of die Ro estimates are shown
in figure 2; these histograms were generated from one
of the replications. (Given that all 10 of the replica-
tions are comparable, any one of the replications is a
fair representation of the odier nine.) On each histo-
gram, a line has been drawn at Ro — 1 to indicate die
proportion of aggregate Ro and Ro component esti-
mates that are greater man 1. Left skewness of die
aggregate Ro distribution is apparent. Ninety percent
of the aggregate Ro estimates are less dian 8.93, widi
a minimum of 1.10 and a maximum of 31.26. The
contribution of each of the diree components, R0

Fast,
R0

slow, and R0
Relapsc, to the aggregate Ro is shown in

the histograms in figure 2. The /?0
s iow component

contributes the most to the aggregate Ro estimates,
while die /?0

RelaPse component contributes the least.
A smoothed version of die proportion diat each of

die three components contributes to die value of die
aggregate Ro (generated from one of die replications)
is shown in figure 3. Given diat over 90 percent of die
aggregate Ro estimates are less man 10, figure 3 in-
cludes only those Ro estimates ranging from zero to
10. With an increasing estimated value for aggregate
Ro between zero and 10, mere is a corresponding
decrease in die proportion diat /?0

S|OW contributes and
a corresponding increase in die proportions diat R0

Fasl

and /?0
RelaPse contribute. However, die ordering of die

rankings of the contribution proportions is maintained
diroughout diis entire range of aggregate RQ estimates.
Specifically, for a given Ro estimated value between
zero and 10, die fi0

 w component contributes 45-65
percent, the RQFast component contributes 30-45 per-
cent, and the RQ

RelaPse component consistently contrib-
utes less man 10 percent. For TB epidemics of low and
moderate severity (1 < Ro < 5), persons who develop
TB slowly and do not relapse contribute approxi-
mately 53-65 percent. While the latently infected
cases still contribute die most to die value of the
aggregate Ro for more severe TB epidemics (5 ^ Ro ^
10), widi such an increase in die severity of a TB
epidemic, their contribution diminishes and die con-
tribution from persons who develop TB fast and do not
relapse increases. For example, by looking at die
dashed line at Ro = 5 in figure 3, we can infer diat
during the initiation of a moderate TB epidemic sev-
eral centuries ago, an infectious case produced an
average of five secondary active TB cases. Of tiiese
five cases, approximately 2.6 of diem developed active
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FIQURE 1. Histograms of the values obtained from Latin hypercube sampling for the nine input parameter variables. These results are from
replication 1, with a sample size of 1,000. The actual probability density functions from which the input parameter variables were sampled
are outlined with a dashed line on the top of each histogram.

TB slowly (over a lifetime) and did not relapse, ap-
proximately 2.1 of them developed active TB fast
(within the first year after infection) and did not re-
lapse, and approximately 0.3 of them developed active
TB through relapse.

Empirical cumulative distribution functions for the
aggregate Ro estimates for the 10 replications are
shown in figure 4; a line has been drawn at Ro — 1 to
designate the proportion of the aggregate Ro estimates
greater than 1 in value (>99 percent are greater than
1). As expected, the variability in the aggregate Ro

estimates is minimal given the sample size of 1,000
(24).

Tables 2 and 3 show the summary statistics for the
aggregate Ro, R0

Fast- R0
slow, and V d a p s t output val-

ues for N = 1,000. Each table lists the mean, variance,
median, and probability of RQ > 1 for all of the Ro

output values for the 10 replications and includes the
summary statistics for the 10 replications. The esti-
mates for the mean, variance, median, and probability
of RQ > 1 for the aggregate Ro output values are
comparable for all 10 replications. Specifically, the
mean values of the 10 estimates of the mean and
median for Ro are 5.16 (standard error (SE) 0.04) and
4.53 (SE 0.08), respectively. The mean of the 10
estimates of the variance for aggregate Ro is 8.10 (SE

0.65). The mean of the 10 estimates of the probability
of aggregate Ro > 1 is 0.997 (SE 0.002). Thus, the
estimated probability of the aggregate Ro exceeding a
value of 1 (which indicates that a TB epidemic is
likely to occur) is 0.997 (SE 0.002).

The summary statistics (standard errors and coeffi-
cients of variation for the 10 replications) in tables 2
and 3 show that the estimators for the aggregate R0's
and Ro components have very little variability given
this large sample size. Despite the small amount of
variability, the variability is consistently highest for
the estimates of the variance of the Ro distributions.

Sensitivity analysis

Partial rank scatterplots of the ranks for the aggre-
gate Ro and each of the nine input parameters were
produced from one of the replications to graphically
evaluate the monotonicity between a given parameter
and the aggregate Ro (see figure 5). Monotonicity is
clearly satisfied. These scatterplots extend the analysis
of monotonicity to demonstrate how the rank transfor-
mations turn these monotonic relations into linear re-
lations.

The PRCCs for the aggregate RQ estimates and each
of the nine parameters are listed in table 4 in descend-
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FIGURE 2. Histograms of the estimated aggregate Ro, Ro
fBMt, fig810", and fl0

Ftotapm* values from Latin hypercube sampling (replication 1; N =
1,000). Each of the histograms has a line drawn at Ro = 1 to indicate the proportion of aggregate Ro and Ro component estimates greater
than 1.

Lng order. The ordering of these PRCCs directly cor-
responds to the level of statistical influence the asso-
ciated input parameter has on the variability of the
aggregate RQ due to its own estimation uncertainty.
The PRCCs associated with the five parameters that
are the most influential in determining the magnitude
of the aggregate Ro, (|PRCC| > 0.5), are statistically
significant (p < 0.05). An increase in any one of the
following three parameters corresponds with an in-
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FIGURE 3. A smoothed graphic representation of the proportion
that each of the three components of Ro contributes to the value of
the aggregate RQ, based on Latin hypercube sampling (replication 7;
N = 1,000). With more than 90% of the aggregate Ro estimates less
than 10, only those Ro estimates ranging from zero to 10 are
exhibited.

crease in the aggregate Ro: 1) the average number of
susceptible cases an infectious case infects per unit of
time (j8n//i,), 2) the fraction of persons with new
infections who develop TB fast per unit of time (p),
and 3) the per capita rate of progression from infection
to TB for a latently infected individual (v). However,
an increase in either of the remaining two parameters
corresponds to a decrease in the aggregate Ro: 1) the
per capita mortality rate due to TB (/xr) and 2) the per
capita natural mortality rate (/LL). While it is clear from
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FIGURE 4. Ten empirical cumulative distribution functions of the
aggregate Ro estimates generated from 10 replications from Latin
hypercube sampling, where N = 1,000. The dashed line (fl0 = 1)
isolates the proportion of the aggregate Ro estimates greater than 1.
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TABLE 2. Estimates of the aggregate basic reproductive rate
(fly of tuberculosis from 10 Latin hypercube sampling
replications

Replication
no.

Aggregate

Mean Variance Medan

1
2
3
4
5
6
7
8
9

10

Mean*
SEt
CVf

5.16
5.13
5.12
5.13
5.13
5.21
5.25
5.13
5.16
5.13

5.16
0.04
0.01

8.71
7.79
7.53
7.96
7.70
8.86
9.23
7.49
8.39
7.37

8.10
0.65
0.08

4.43
4.55
4.47
4.68
4.49
4.49
4.57
4.55
4.47
4.60

4.53
0.08
0.02

1.000
0.997
0.996
0.999
0.995
0.995
0.997
1.000
0.998
0.997

0.997
0.002
0.002

• Mean of the means, variances, medians, and Pr[f?0 > 1]*s,
respectively, for the 10 replications.

t SE, standard error of the mean for the 10 replications; CV,
coefficient of variation.

the mathematical form of equation 2 that Ro is an
increasing function of the parameters /3FI//X and v and
a decreasing function of the parameters \iT and \L, the
fact that RQ is an increasing function of the parameter
p is not obvious.

The PRCC results for the R0
Fas\ R0

siow, and
R l

e a c h of m e m n e parameters are
listed in table 5. The PRCCs associated with the pa-
rameters discussed are all statistically significant (p <
0.05). Because of their estimation uncertainty, the
fraction of persons with new infections who develop
TB fast per unit of time, the per capita mortality rate
due to TB, and the average number of susceptible
cases an infectious case infects per unit of time are the
most statistically influential, (|PRCC| > 0.5), in deter-
mining both the magnitude of R0

Fast and the aggregate
Ro. The qualitative relations between these parameters
and the aggregate RQ and R0

Fasl are comparable (based
on the sign of the PRCC); in contrast, the fraction of
persons with new infections who develop TB fast per
unit of time is the most influential parameter for Ro

 ast,
and, although it is influential for the aggregate Ro, the
per capita natural mortality rate is not influential for
p Fast

K0

The PRCCs for R0
slow indicate that the per capita

natural mortality rate, the per capita mortality rate due
to TB, the average number of susceptible cases an
infectious case infects per unit of time, and the per
capita rate of progression from infection to TB for a
latently infected individual are the most statistically
influential, (|PRCC| > 0.5), in defining both the mag-
nitude of Ro

 w and the aggregate RQ. The qualitative
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